1. Introduction* Let 31 and 35 be Banach algebras and v a homomorphism of 31 into 93. This paper is a study of the continuity properties of v which depend only on the structure of SI; 33 is completely arbitrary. The algebras considered are non-commutative.
If v is a homomorphism of SI into 93, then the function \x\ -\\v(x) |(, xe 21, is a multiplicative semi-norm on SI. Conversely, every multiplicative semi-norm on 21 arises from a homomorphism in this way. Thus all results on continuity of homomorphisms can be stated in terms of multiplicative semi-norms.
Section 2 contains material concerning units in SI and 93 and the relation between homomorphisms and multiplicative semi-norms.
Section 3 is devoted to the proof of the main technical device of the paper: If {g n } and {f n } are sequences in SI with g n g m -0,n Φ m, and f n g m = 0, n Φ m, then, under any homomorphism v of SI into a Banach algebra 93, the sequence {|| v{f n g n ) ||/||/ n || \\g n 11} is bounded.
In § 4 the separating ideals for v in SI and 93 are defined and several of their properties are exhibited. The separating ideal S^ for v in SI is the set of x in SI for which there is a sequence {x n } in 31 with x n -> 0 and v(x n ) -» v(x) . An application of the main boundedness theorem (Theorem 3.1) shows that if {x n } is a sequence in Sf with x n x m = 0, n Φ m, then v(x n f -0 for all but a finite number of n.
In § 5 we restrict attention to the case in which v is an isomorphism and SI is a B* algebra. In this case £f is the zero ideal. This fact enables us to show that there is a constant M such that II x II ^ M\\ v(x) ||, x G SI. This result is analogous to an important theorem of Kaplansky [4] : any multiplicative norm on the algebra of continuous functions vanishing at infinity on a locally compact Hausdorff space majorizes the supremum norm. A theorem due to Bonsall [2] implies the following similar result: if ( | is a multiplicative norm on the algebra 31 of bounded operators on a Banach space, there is a constant β such that for TeSI, || Γ|| g β \ Γ|, where || || is the usual operator norm. Although our result is similar, our approach is quite different. Kaplansky's proof depends heavily on commutativity; BonsalΓs on the existence of nonzero finite dimensional operators which, of course, are not necessarily present in an arbitrary J3* algebra Notice that if 31 is a Banach algebra with the property that for every 2. Preliminaries. Let 21 and 33 be Banach algebras and v a homomorphism of 21 into 33. There is no loss of generality in assuming 33 = Cl{v{%)) since any restrictions on the algebras we consider will be placed on the domain. If 21 has a unit e, then we may assume that 33 has a unit e f and that v(e) = e'. Since for any Banach algebra with unit an equivalent norm may be found in which the unit has norm one and since renorming in this way does not affect continuity properties, we assume that if any algebra considered has a unit, then the unit has norm one.
The study of homomorphisms of a Banach algebra 21 is equivalent to the study of multiplicative semi-norms on 21 as was pointed out by Bade and Curtis [1] . DEFINITION 2.1. Let 2ί be a Banach algebra. A multiplicative semi-norm on 21 is a function j | on 21 to [0, oo) satisfying Proof. The first assertion is clear. To prove the second notice that / = {x e 21: || x | | χ = 0} is a two-sided ideal in 2t closed with respect to (I Id. Moreover, if x and y are congruent modulo /, then ((x -y fd = 0 and since | || x \\ x -\\ y W, | ^ || x -y || 2 = 0, \\x || x = || y || lβ Thus 21/J is a normed algebra under the norm || x + /|| = || x || le Let v be the natural map of 21 into the completion of 21// in this norm. Then v has the required properties.
3 The main boundedness theorems. The main boundedness theorems are the principal device of the paper. The present form is due to P. C. Curtis, Jr. The corollary is found in [1] . THEOREM 
Proof. We consider only the first part of the theorem as the proof of the second is completely analogous. Suppose the theorem is false. We shall show that a certain linear combination of the elements fi must be mapped into an element of infinite norm.
If the theorem is false, we may select distinct elements u i3 , i, j = 1,2, •••, from the sequence {g n } such that 
Thus ||y(i/)|| > 2* for every integer i.
The separating ideals. In this section 21 and 35 denote arbitrary Banach algebras and v a homomorphism of SI onto a dense subalgebra of 35. Our objective is Theorem 4.9. The function Δ is a variant of the separating function defined by Rickart [7, p. 70] . The separating ideals were defined and used by Rickart [8] in this work on the uniqueness of norm problem. They have also been discussed by Yood [9] . 
Δ(v{x))S\\x\l
The proof is straightforward and is omitted. Thus &" is closed. A similar argument using the last part of (iii) shows that S/* is closed in SI.
To complete the proof notice that y e £f f if and only if there is a sequence {x n } in SI with x n -> 0 and v{x n ) -> y. Suppose y e £f ' and w -v(z) Let φ and TΓ denote the natural maps of SI -31/^ and S3 -33/^' respectively. Since both φ and π are norm decreasing, we have for
To prove the reverse inequality let ε > 0 and choose a e Si with || φ(a) || + || π(b -v{a)) \\ < Δ(b + @') + e/3 . Then choose s, e^,s 2 e .9*", such that || a + s ± \\ g || φ(a) || + e/3 and
For any Banach algebra Si the spectrum of x, denoted oφή, is the set of complex numbers λ such that X^x has no quasi-inverse in 3ί. The spectral radius of x, denoted r^x) f is sup | λ | where the sup is taken over all \eσ^ (x) .
When no confusion will result, we omit the subscript St and write σ(x) or r(x). It is well known that r(x) is the limit as n-+ α> of ||a?
Λ || 1/n [7, p. 10] . PROPOSITION 4.7 . If SI has an identity, then Sf is a proper ideal; if S3 has an identity, then &" is a proper ideal.
Proof. First notice that for x e SI, σ^ (v(x) ) is contained in σ For, if λ" 1^ has a quasi-inverse y e Sΐ, then clearly v{y) is a quasiinverse in 33 of χ-\v(x)). Thus rφ>{x)) ^ r siί (#) ^ || x ||, a? e SI.
If c is any element in the centre of 93, then by the remark above,
Thus for c in the centre of S3 we have r^c) ^ Δ(c).
Suppose that Sί has an identity e and eey. Since v{e) is in the centre of S3, r^Mβ)) ^ Λ(v(e)) = 0. But r^(v(e) REMARK. If Sί is a W* or AW* algebra, every closed two-sided ideal in Sΐ is the closure of the two-sided ideal generated by its projections. (See [3] and [5] ). Thus if p is a projection in Sί which belongs to £^f then by the theorem p belongs to the kernel of v. Hence £f is contained in the closure of the kernel of v. The reverse inclusion clearly holds. It follows immediately that if v is an isomorphism of a W* or AW* algebra, then £f is the zero ideal. We shall prove this later (Theorem 5.1) for any B* algebra but it will require more work. The next theorem is the crucial step. 5. Isomorphisms of 5* algebras* In this section we restrict attention to the case in which SI is a B * algebra and v is an isomorphism of 2ί into a Banach algebra S3. By a 5* algebra we mean a Banach *-algebra 21 with || x || 2 = || xx* ||, x e 21.
THEOREM 5.1. // v is α^ isomorphism of a B* algebra 21, ίΛeŵ = (0).
Proof. Suppose &* Φ (0)
. Since a closed two-sided ideal in a B* algebra is a *-ideal [7, p . 249], we may assume that S? contains nonzero self-adjoint elements. Notice that S? cannot contain a sequence of orthogonal self-ad joint elements. For if {g n } is such a sequence, then by Theorem 4.9 v(g n f = 0 for all but a finite number of n. Since v is an isomorphism, g\ -0 and thus r(g n ) -0 for all but a finite number of n. But in a 5* algebra r(#) = || x || for a? normal [7, p. 240] . Hence # w = 0 for all but a finite number of n.
Let xeS^,x = x*,xφ0. We show that σ(x) must be finite. The closure of all polynomials in x (without constant term) is a commutative J?* algebra (£. Since £f is a closed two-sided ideal, Kgy. & may be regarded as the algebra of continuous functions vanishing at infinity on the locally compact Hausdorff space σ(x) -{0}, [6, p. 232 Let 21 be a J3* algebra and v a homomorphism of 2Ϊ into S3. We assume that 21 has a unit β and that S3 = Clv{%). The remainder of the paper is devoted to proving that v is bounded on certain ideals in 21. The method is essentially the same as that used by Bade and Curtis [1] .
Let & be any commutative Z?* subalgebra of 21 which contains e. © is isometrically isomorphic to C(Ω), the algebra of all continuous functions on a compact Hausdorff space Ω [6, p. 232] . For /eK the carrier of /, denoted car /, is the closure of the set of ω e Ω for which f(ω) Φ 0. . By the lemma u = ga where a e SI, g e (£, and car gξΞΩ ~ F. By normality choose A e © such that A is one on a neighborhood of car g, h vanishes on a neighborhood of F, and 0 ^ Λ ^ 1, Then carhξ^Ω ~ F and /m = hga = ga ~ u. Applying the above inequality to h and u and using the fact that \\u \\ = 1 we have Thus v is bounded on /#(£ ~ F). To prove the theorem it suffices to prove (*). The proof will be broken up into a number of lemmas.
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